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The effect of Poiseuille flow on the convective stability of electrochemical system is considered. It is found
that the effect is destabilizing in the case of oscillatory instability in the system. It is shown that this
effect is caused by the fact that the problem is not self-conjugate, because the system is multicomponent.
In addition, it is found that the effect of Reynolds number on the stability of these systems is linear at
small Reynolds number, in contrast to the self-conjugate Rayleigh-Benard problem, where the effect is
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1. Introduction

The effect of forced convection in horizontal plane channel on
natural-convective flows, which are caused by nonuniform heating
of liquid, has been studied from the beginning of 20th century, pre-
dominantly, in connection with geophysical applications [1]. This
problem is a combination of Rayleigh-Benard problem (the stabil-
ity of liquid with nonuniform density) and the problem of stability
of plane flow (the Orr-Sommerfeld problem).

Classical Rayleigh-Benard problem involves the study of con-
vective systems, in which stable equilibrium can be reached, and
the determination of conditions, under which the equilibrium is
violated. The problem is reduced to the determination of critical
Rayleigh number Ra,,. If the Rayleigh number Ra of the system is
lower than the critical one (Ra < Rac;), liquid remains stagnant
and convection does not occur; at Ra > Ra.,, natural convection oc-
curs in the system [2].

When a complex system with applied shear flow in the X direc-
tion, which is characterized by the Reynolds number Re, is consid-
ered (Fig. 1), the problem is posed to determine the critical
Rayleigh number as a function of Reynolds number Ra.(Re). If
the shear flow has a parabolic rate profile in the undisturbed state,
the study of the system for stability is called the Rayleigh-Benard-
Poiseuille (RBP) problem [3]. The linear stability of RBP was first
studied by Gage and Reid [3]. This problem is characterized by
three dimensionless parameters: the Rayleigh number, the Prandtl
(Schmidt) number, and the Reynolds number. The determination of
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critical Rayleigh numbers at small Reynolds numbers and arbitrary
Prandtl number was considered in [4]. In addition, the case of small
Reynolds numbers and constant Prandtl number was considered in
[5].

It can be readily shown that the shear flow has an effect only on
the perturbations, whose convective rolls are perpendicular to the
flow (transversal perturbations). Perturbations, whose convective
rolls are parallel to the flow (longitudinal perturbations) remain
invariant. This means that, in the case of plane liquid layer, to
the linear approximation, forced convection only directs convec-
tive rolls and does not change the convective stability of system
as a whole. However, in more complex geometric conditions, when
transversal and longitudinal perturbations are not equally favored
by influence of the sidewalls, shear flow can has a determining ef-
fect on the system stability [6].

In electrochemistry, the Rayleigh-Benard-Poiseuille problem
has some peculiarities. Firstly, the Prandtl (Schmidt) number in
the electrochemical systems is much higher (about 1000) than
in the heat systems. Secondly, the electrochemical systems are
commonly multicomponent, and this can complicate significantly
the system’s behavior. The transfer equations in the electrochem-
ical systems and the boundary conditions are often more
complicated.

2. Statement of problem

A system of two horizontal plane electrodes of the same metal
is considered. The space between the electrodes is filled with elec-
trolyte solution. An external constant pressure, which causes longi-
tudinal liquid flow, is applied to the system.


mailto:bograchev@gmail.com
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt

D.A. Bograchev et al./International Journal of Heat and Mass Transfer 51 (2008) 4886-4891 4887

Nomenclature

Cm concentration of ions of mth type

G dimensionless concentration of electroactive ion,
Ci= 2c

Cy dimensfonless  concentration of fictitious ion,
Cy= 20(62364 27}

1y(z3-23)

D diffusion coefficient of ions of mth type

Dy dimensionless parameter, which is proportional to the
diffusion coefficient of fictitious ion, Dy = %

D, dimensionless parameter, Dy = D

D coefficient of cross effect of concentration of electroac-
tive ion on the fictitious 1ion  transfer,
D" = B [j2Dy - i Gy P D, — e, |

D* dimensionless parameter, D* = adlz;’;’fzz B

ex unit vector collinear with X axis

e unit vector collinear with Z axis

F Faraday number

g gravitational acceleration

h distance between electrodes

M, designation of ions of mth type

Nm stoichiometric coefficient of ions of mth type

n number of electrons, which are transferred in the elec-
trode reaction, n =z;n; — zyn,

p pressure

P dimensionless pressure, P = pbﬁ—,lep

R gas constant sete o

Ra Rayleigh number, Ra = ‘ibv[’,‘;

Re Reynolds number, Re = Yush

Sc Schmidt number, Sc = D—"l

t time

T temperature

U perturbation of electrolyte flow velocity

\' electrolyte flow velocity

\Y dimensionless electrolyte flow velocity, V = 5-v

v velocity profile of the Pioseuille flow in direction of x

axis, V = Vpax [1 - 4(Z/h)2]

Vinax maximum velocity of the Poiseuille flow

Vo vector of velocity profile of the Poiseuille flow, Vo = exVg

Vo velocity profile of the Poiseuille flow, Vo =1 — 422

w component of perturbation of electrolyte flow velocity
along the Z axis

w amplitude of component of perturbation of electrolyte

flow velocity along the Z axis

X,y,z  Cartesian coordinates (the origin of coordinates is
placed at the lower electrode (cathode), z axis is direc-
ted vertically upward from the cathode to the anode)

XY Z dimensionless Cartesian  coordinates, X =%, Y=
¥, Z=
i
Zm charge number of ions of mth type
Greek symbols
o mass coefficient of electrolyte with three types of ions,
_ —2z3m,D; /1 D
o= /;1 +Z1 23;32_212 m Zﬁz
Bm mass coefficient of ions of mth type, i = ap/acm
Ay horizontal Laplacian (in the X — Y plane), Ay = ﬁxz +a7 “
©, perturbation of electroactive ions
Oy perturbation of fictitious ions
04 amplitude of perturbation of electroactive ions
04 amplitude of perturbation of fictitious ions
A eigenvalue
v electrolyte kinematic viscosity
I perturbation of pressure
p electrolyte density
1 electric potential
P dimensionless electric potential, ¢ = ¢
T dimensionless time, T = h%t
Subscript
b corresponds to the bulk electrolyte
Overbar

- undisturbed state

Within the Boussenesq approximation, the equations describing
convective mass transfer for binary electrolyte (for example, for
CuS04 solution between two copper electrode) will coincide with
the heat-transfer equations [2,7,8], and equations for the system
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Fig. 1. Plane horizontal layer. Axes and profile of main flow (cathode: z=-1/2;
anode: z=1/2).

containing three types of ions with an excess of supporting electro-
lyte excluding the migration current (for example, CuSO4 + H,SO4
(in excess) solution between two copper electrodes) can be pre-
sented as follows (see Appendix):

av Slc (V.V)V = —VP + AV — e,Ra(C; — 0.5 + C4) 1)

le( )=0 (2)

S5 aq = AC; —VVC, 3)
@C4 = -,

SC = D4AC4 — VVC4 + D*ACl (4)

"lz:fl 24=0 (5)
Cil,-3=0, Ci|,4=1 (6)

aC, B

|, (7)

2 2

Here, (1) is the Navier-Stokes equation that accounts for the
buoyancy forces, (2) is the condition of incompressibility, (3) is
the equation of electroactive ion transfer (Cu?* in the above exam-
ples), (4) is the transfer equation of fictitious electrolyte, which is
introduced in order to eliminate the migration current [9,10], (5)
is the condition of liquid adhesion to the cell walls, boundary con-
ditions (6) show that the electrochemical reaction on the lower
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electrode proceeds in the limiting-current mode and leads to a de-
crease in the solution density, (7) are the boundary conditions for
fictitious electrolyte.

As is easy to see, at D* = 0, due to zero boundary conditions (7),
the problem is reduced to the well-known heat-transfer problem.

At nonzero longitudinal gradient of pressure in the system with
plane electrodes (Fig. 1), the Poiseuille flow arises. Its profile in the
dimensionless form is

V = Re - ScV, = exRe - Sc(1 — 47%) (8)

To investigate the stability of undisturbed state, that is, a solu-
tion of system (1)-(7) for the Poiseuille flow of electrolyte, the per-
turbations of dependent variables are introduced

C1=E1+@17 C4=E4+@4, V:V+U, P=F+H (9)

Equations for linear perturbations of velocity and concentration
are as follows:

% +Re(Vo - V)U + Re(U - V)V = —VIT + AU — e,Ra(0; + @)

(10)

div(U) = 0 (11)
00, o 661

Sc— =461 ~Re-Sc-Vo-VO - W B (12)

SC%ZEA@—Re.SC.VO.v04+E*A@1 —W% (13)

In the absence of natural convection system of Eqs. (3) and (4)
has a steady-state solution dependent only on vertical coordinate
Z:

Ci=1/2+2Z, C4=0, (14)
Let us twice apply rot to Eq. (10) and project the result onto Z

axis. Then, taking into account relations (14), Egs. (10), (12) and
(13) can be written as follows:

2
%He(m -4 V”) W _ NW —Ra-Ay(@; + 05  (15)

dz? | oX
6@1 o a@1
ch_AQIfRe-SC-Voa—)%@fW (16)
Sca—;:EA@ —Re-Sc-Voa—X4+5*A@1 (17)

Problem (15)-(17) has a solution in the form of so-called nor-
mal perturbations:

WX,Y,Z, 1) =w(Z)exp(—4- T +ikx - X +iky - Y)
01(X,Y,Z,T) = 0,(Z) exp(—/- T + iky - X + iky - Y) (18)
O4(X.Y,Z,T) = 04(Z) exp(—i - T + iky - X + iky - Y)

Substituting (18) into (15)-(17), we obtain the system of equations
for amplitudes:

2 2 2 2
(d— - k2> w + ikRe {%w — Vo <d7 - k2>w} + k*Ra(6; + 04)

&

1{(d® ,
{6

1 e e
§ Dy (E —k )04 + D" E —k 01 — ikXR€V004 = —A04 (2])

with the boundary conditions for amplitudes:

_dos _
_dn_

— ikyReVo0; = —0; (20)

W—a7—91

0 atZ=+1/2 (22)

This boundary-value problem is not self-conjugate and, therefore,
its eigenvalues A can be real or complex. If decrement / is real, pertur-
bation varies monotonically (until the perturbation can be consid-
ered as small, and linear expansion in terms of this perturbation is
valid; at /4 > 0, the perturbation damps out, and at /4 < 0, it increases.

3. Results and discussion

The eigenvalue problem (19)-(21) was solved using the Galer-
kin method that has been proven in the problems of hydrodynamic
stability [7]. Solutions were obtained for various magnitudes of
parameter D*. At zero cross (mutual) parameter D*, solution of
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Fig. 2. Dependences of (a) critical Rayleigh number Ra.. (the asymptotic Miller
solution [1] is shown with a fine line), (b) critical wave Rayleigh number, and (c) the
frequency of arising perturbations on the Reynolds number for systems with D* = 0,
Sc=1000.
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Fig. 3. Dependences of (a) critical Rayleigh number Ra,, (b) critical wave Rayleigh
number, and (c) the frequency of arising perturbations on the Reynolds number for
systems with D* = 0.001,D, = 1, Sc = 1000.

the problem is similar to the solution of heat problem, which is
available from the literature (Fig. 2).

As is seen from Fig. 2a, at small Reynolds numbers, the plot of
critical Rayleigh number vs. Re coincides with the asymptotic solu-
tion [4]. The flow makes the system more stable, i.e. the critical
Rayleigh number increases with increasing Reynolds number.
Moreover, frequency of perturbations linearly depends on the Rey-
nolds number (Fig. 2c). The wave number decreases at small Re, the
shear flow as if extends convective cells; however, at higher Re,
smaller cells become more beneficial (advantageous, profitable,
efficient), because the flow, which is nonuniform along Z axis,
has no time to (hollow out) blur them; this corresponds to an in-
crease in the wave number (Fig. 2b). If D* is slightly different from
zero, but insufficiently high for critical perturbations to become
oscillatory, the dependences of critical parameters on Re qualita-
tively differ from the heat case (Fig. 3).

Much more complicated dependences of critical parameters on
the Reynolds number are observed when the cross parameter D* is
sufficiently high for perturbations to become oscillatory (Fig. 4). As
is seen from Fig. 4a, at small Re, the critical Rayleigh number ini-
tially decreases with increasing Re, then increases, then, again,
steeply decreases, and only with further increase in the flow veloc-
ity, again increases. In contrast to the case of monotonic instability,
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Fig. 4. Dependences of (a) critical Rayleigh number Ra,,, (b) critical wave Rayleigh
number, and (c) the frequency of arising perturbations on the Reynolds number for
systems with D* = 4,D, = 1, Sc = 1000.

which is typical for the Rayleigh-Benard convection, weak forced
flow has a destabilizing effect on the oscillatory stability. The
forced flow converts the monotonic perturbations into oscillatory
ones (the action of forced flow on the monotonic perturbations
makes them oscillatory) and stabilizes the system by making per-
turbations to damp. A system with initially oscillatory perturba-
tions, conversely, becomes more unstable under the action of
weak forced flow.

Within the theory of perturbations, this phenomenon can be ex-
plained as follows. According to [4], for the case of Rayleigh-Be-
nard convection with imposed weak shear Poiseuille flow, the
problem can be stated as determining the spectrum of operator
A+ikReU, where A is a self-adjoined operator (it will be termed
the Rayleigh-Benard operator) and ikReU is the operator of Poiseu-
ille flow perturbation. If Re is small, by using the perturbation the-
ory for self-conjugate operators, it can be easily seen that the
correction to zero eigenvalue in the leading order will be purely
complex. (The correction will be 1! = iRek(¢'Ugp), where ¢ are the
eigenvalues of Rayleigh-Benard operator A.) This means that small
Re make the critical perturbations oscillatory with a frequency lin-
early dependent of Re, but stability depends on Re?. When an effect
of weak forced flow on convective stability of system under consid-
eration is studied, the problem is in determining the spectrum of
operator B+ikReU, where B is not self-conjugate operator (the
non self-conjugation is the reason for oscillatory instability). As-
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Fig. 5. Dependences of real part of spectrum on the Reynolds number (the first five
levels 1-5) for system with D* = 1,D4 = 1, Sc = 1000, k = 3, Ra = 4000. (a) Intersec-
tions of lower levels and (b) initial divergence of lower complex conjugate level at a
larger scale.

sume that undisturbed system corresponding to operator B is in
the critical state of oscillatory convection, i.e. A,=0, and /; # 0.
Operator B is equal to its complex-conjugate operator; therefor,
the lower oscillatory level will be double */;. First-order correction
of perturbation theory for these two values will be written using
the theory for not self-conjugate operators [11]:

+ :ikRe(y~ Ug™) (23)
—:ikRe(y " Ug™) (24)

where ¢* and ¢~ are eigenvectors of operator B corresponding to
eigenvalues i/; and —i4;, Y and y~ are eigenvalues of conjugate
operator B corresponding to eigenvalues i/; and —i/; Due to the fact
that operators B and B’ are equal to their own complex conjugates,
it is easy to see that (y~'Ug+) = (4" U¢~). This means that correc-
tions (23) and (24) can be written as iz and iz, where z is a complex
number, i.e. if, after a small perturbation is imposed, one of eigen-
values +/; becomes damping, another, inversely, becomes growing.
In addition, as is seen (Fig. 4a), for this system, the effect of Re on
stability is not quadratic in Re, as in the case of Rayleigh-Benard
convection, but is linear in Re.

An inflection in stability (Fig. 4a, 1) is caused by the fact that two
lower levels, which initially came apart due to the linear correc-
tion, intersect again, i.e. previously second level exchanges places
with the first level; therefore, the critical wave number also
changes jumpwise (Fig. 4b I). The intersection of levels is illus-
trated on Fig. 5a. Fig. 5a gives the evolution of first five levels of real
part of spectrum / under the action of flow and, in addition, Fig. 5b
shows the initial divergence of the lower level at a larger scale.

As well as in all of cases under consideration, for oscillatory
instability, a further increase in the Reynolds number has a stabi-
lizing effect.

4. Conclusions

The effect of Poiseuille flow on the convective stability of model
electrochemical system is considered. It is found that the effect is

destabilizing in the case of oscillatory instability in the system.
This is a new result, which is not available from the literature. It
is shown that this effect is caused by the fact that the problem is
not self-conjugate, because the system is multicomponent. In addi-
tion, it is found that the effect of Re on the stability of these sys-
tems is linear in Re at small Re, in contrast to the self-conjugate
Rayleigh-Benard problem, where the effect is quadratic in Re. A de-
crease in the stability of oscillatory systems, which is found here, is
of practical importance, because it can be observed immediately in
the experiments, in contrast to the classical Rayleigh-Benard-
Poiseuille problem, where it cannot be observed without crating
nonuniform geometrical conditions for rolls of various types. A de-
crease in stability can have a pronounced effect on the generation
of convective noises in the electrochemical devices and should be
taken into account, when they are developed.

It should be noted that a possibility of decreasing stability of
multicomponent Rayleigh-Benard systems by imposing external
hydrodynamic flow is typical of not only electrochemical systems.
For instance, in geophysics, a similar effect of a decrease in stability
is observed in the binary convection under the conditions of non-
uniform temperature and salinity in sea water. In addition, as fol-
lows from the analysis of the reasons for a decrease in stability, it
will take place in the case of hydrodynamic flow of another nature
(the Couette flow, for example).
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Appendix. Mathematical model

Within the Boussinesq approximation, the theory of dilute elec-
trolytes and taking into account the assumption of electroneutral-
ity, the equations of incompressible viscous liquid flow and ion
transfer in the electrolyte layer between two horizontal electrodes
can be written as follows [12]:

ov 1 e.g

—+ (V- V)V=——Vp+VAV——=(p —

otV IV =P 5 (PP

div(v) =0

aCli Fz1Dq

§—D1A61+ RT (VE1VQ + c1AQ) —VVC A1)
aE—DAC @vcv CoAQ) —VVC
at722+RT(2§0+2§0) 2

ac: Fz3D
a—;:D3A63+%(VC3V(p+C3AQD)—VVC3

Z1C1 +2C3 +23¢3 =0

For three-component electrolyte, which is produced of two
source substances, the electrolyte density can be always expressed
in terms of concentrations of two types of ions, because the con-
centration of ions of the third type is uniquely determined by the
electroneutrality condition. For the sake of definiteness, we assume
that the electrolyte density is expressed as follows:

P = pp=Pi(c1—C1,) + Ba(C2 — C2) (A2)
Assume that the following reaction proceeds on the electrodes:
M 4 ne — n,M% (A3)

Eq. (A.3) describes both redox reactions (n, # 0) and the reac-
tions of cathodic deposition (anodic dissolution) (n, = 0).

The boundary conditions for set of equation (A.1) for the limit-
ing-current mode, i.e. at zero concentration of electroactive ion on
the cathode surface, can be written as follows:
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V0 hj2zonp =0 (A4)
ocs  Fzzes aq)>
—+ — =0 (A5)
(62 RT 0z )|, ppsnp
ac | Fzic 3\ ocy  Fzy65 0
{”zD ! (az Ywroaz) T MPE R ) e /Z(A'6)
Cileonp =0, Cilpp = 203, (A7)

We assume that the concentration of supporting electrolyte is
significantly higher than the concentration of electroactive
electrolyte
b= (A8)

C3,

Let us estimate the relative diffusion and migration terms in
the equations of ion transfer and the corresponding boundary
conditions at ¢ < 1. The difference between the concentrations
of the first electrolyte component at the anode and at the cath-
ode is denoted as dc;(dcy ~ ec3,). From the electroneutrality con-
dition, for the second and the third electrolyte components, we
obtain:

0Cy ~ 0C1 ~ eC3,)

(A9)
0C3 ~ 0C1 ~ £C3,

Thus, the diffusion terms for all electrolyte components have
identical relative values proportional to ¢. To estimate the deriva-
tives of electric potential, the condition of charge conservation is
used

zszmAcm + Vgo FZZ D

+V¢ZFZ D C'”:O,
=1

(A.10)

which follows from the equations of ion transfer (1) and the electro-
neutrality condition.

Taking into S ZuDmAcy ~

€3, |0 1FZ D0 C | ~ 6C3, S IFZZD—m”m~c3b and A¢ ~|Vo|, we

obtain: Ap ~ ¢, [Vo| ~é.
In the approximation linear in parameter ¢, set of equation (A.1)
will take the following form:

account that

ov 1 e

—+ (V- V)v=——Vp+VvAv — ig[ﬁl(cl —C1,) + fa(c2 — C3,)]
ot Py Py

div(v) =

ac

a—tl =D1Ac; — vV

ocy _ F22D2C2b

E = DzACz + TA(/) — VVCZ

ac: Fz3Dsc

673 = D3Ac; +%A(p —vVes

Z1C1 + ZpCy + Z3C3 = 0
(A11)

From boundary conditions (A.6) and (A.7) and the electroneu-
trality condition, taking into account that ¢ < 1, we obtain:

6 nzDC+C+C
nDl 2 3

Introducing new variable (concentration of fictitious ion)

=0 (A12)
z=—h/2.z=h/2

;D4
=—(C1—C,) +C2— €z +C3— C3,

"Dy (A13)

4

and expressing concentrations ¢, and c3 in terms of ¢; and ¢4

Z3 z1 —z3mDy/n1D,
C2=Cy +——Cat P (c1—cyy)
3 T 42 3 T 42 A 14
2 zy —zmDy /m D, ( )
C3 =C3, + Cq + (c1—cry)
23 -2 23— 2

set of equation (A.11) can be presented as follows:

2‘24— (v-V)v= —%Vp + vAv—pz—‘bg o(cr —¢yy) +ZBZ+ZZﬁzc4
div(v) =0
aa—t = D1Ac; — vV
aac4 = DaAcs + D' Acy —VVey

(A15)
with the boundary conditions:
Vi, h2zn2 =0 (A.16)
Cllehp =0, Cilmpp =203, (A17)
s =0 (A18)

OZ |,__hp2zenp2

In the dimensionless form, set of equation (A.15) will take the
following form:

v 1
P Sc(v V)V = -VP + AV —e;Ra(C;
div(V) =0

A19
SC%:AQ VvV ( )

S5 ac4 = D4ACs — VVC4 + D*AC;

~05+0Cy)

with the boundary conditions:

V|z:-%.z:% =0
Cile 1 =0, Gl y=1

o,
oz Z:lzz%

2+

(A-20)
=0
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